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IlacuseHa HeoOxiqHa O3Haka 
30DKHOCTI PAJMB Ta HaCIIIKH 


In the paper an advanced necessary test for convergence of number series with non-negative terms is 
formulated and proved. The test is written in the form limmu, =0. This formula can be got by using 


nao 


Dzeta-function and has more possibilities than the usual testlimu, =0. The new test gives new 
nao 


representations of the necessary test for convergence of non-negative number series. 
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B padote cdopmysupoBaH HW OKa3aH yCHJIeHHbIi HeOOXOAMMBIM NpW3HaK CXORMMOCTH YHCIIOBBIX PATOB C 


HCOTPHUAaTeJIbHbIMM WICHaMU B BUC lim nu, _ 0 : TIpv3Hak TIOJYYCH Ha OCHOBe TIPH3Haka CpaBHeHHA C 
n 


o6oOnIeHHO rapMoHMyeckyM psyom. IIpu3Hak uMeeT Oosee LIMpOKVe BO3MOXKHOCTH M0 CpaBHeHHIO C OOBIHBIM 


HeOOXOAMMBIM TIpu3Hakom cxogumoctu limu,, =0. Tpumexenue ycmienHoro HeoOxogumoro mpu3Haka 
nwo 


CXOJMMOCTH K MHTerpayibHOMy TipvH3Haky Kou jaeT HoBbie (POpMbI MpecTaBeHuii HeEOOXOAMMOrO Tpv3Haka 
CXOJMMOCTH pAOB C HEOTPHLaTeJIbHBIMH YWJieHaMH. 

KuoueBble C10Ba: p11, CXOAHMMOCTS, pacXOJMMOCTh, MIpH3HakH CpaBHeHHA, YCHJICHHbIM HeEOOXOAMMBI 
TIpH3Hak, Mpejes, HHTerpasibHbi NpHu3sHak Koum. 


Y podoti ccbopmysIboBaHa i TOBeeHa TocwieHa HeoOxiHa O3Haka 30DKHOCTI UMCeIbHUX pATiB 3 HeBIT”€MHUMUM 


qenamu y Bui lim nu,, =. Us @opmysa oTpumaxa Ha MijcTaBi o3HakKH NOpiBHAHHA 3 rapMOHiiiHMM pAOM i 
no 


Ma€ 3Ha4HO GiIbIIe MOXKIIMBOCTEM y NOpiBHAHHI 3 TpaquUiiHOIO HeOOXisHOHO O3HakorO 30iKHOcTI lim u, =9. 
no 


Tlocustena o3Haka 30DKHOCTi pa30M 3 IHTerpasIbHOIO O3HaKOIO Kouli BiZKPHBalOTb MOXKJIMBICTh OTPHMaTH LLy 
HV3KY HOBHX TIpeACTaBJIeCHb O3HaKH 30DKHOCTI PALIB 3 HEB” €MHHMH WieHaMu. 

Kuaroyvosi copa: pat, 30DKHICTb, O3HaKa MOPiIBHAHHA, MOcWIeHa HeoOxifHa O3Haka, rpaHulls, 
iHTerpasibHa o3Haka Koui. 
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Introduction 


Let us recall the content of the necessary test for convergent number series with non- 


negative terms. If the series i u,,(u, 20) converges, then the limit of its common term 


tends to zero atn > ©, 1.e. limu, =0. Usually this test is used to determine the divergence 


no 
of series, because it is not sufficient criterion, but is the necessary one [1]. 
Among sufficient tests, perhaps, the most common is the comparison test, which is 
usually used in two forms: in the limit form and in the finite form. In both cases, members 


of the investigated series Die? are compared with members of the known series ys : 


We are interested in the limit sufficient test, where lim— is considered. If the series 


nao 
Vig 


» v,, (v, >0) converges and the value of lim is equal to C <oo (in a particular 


no 
V, 


case C =()) then the series De Ally converges. If the series pane v,, (v, >0) diverges and 


the value of lim" is equal to C >0 then the series panes diverges also [1-2]. 


nyo V 
n 


There are three standard series, which are used in the comparison test. They are the 
harmonic one with the common termy, =1/n, the generalized harmonic one (so called 


: 1 : . ; 
zeta function) with the common term v, =—~ and the geometric progression one with the 
n 


common term v, =q". 


The limit comparison test with respect to the generalized harmonic series is 
considered in the paper. This allows intensify the necessary test for convergent number 
series with non-negative terms and expand significantly the possibilities of the usual 
necessary test lim u, =0. 


1 Deduction of the advanced necessary test 
for convergent number series 


Let us represent the generalized harmonic series in the form 


148 


3 1 PB >0- for convergent series 
n=l n 


B <0- for divergent series, 
where instead of the usual parameter a the new parameter fis used: ~@=1+/, and 
apply the limit comparison test for an arbitrary number series: ae u,, (u, 20): 


1+2 


-u,,. If there exists the finite value limit 


limn’* 


non 


hte Oop (1) 
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and £>0, then the series ae u,, (u, 20)converges. In other cases at # < Othe 


limit is equal to infinity ( or does not exist) the series ew _ Un» (U, 2 0) diverges [1-3]. 


The test (1) may be represented in the other form if it is applied by 
L’Hospital’s rule. Indeed according to the necessary test for convergent number series 


1 1 
u, >0 at noo, Then uw)! =—-—+> 0 at n> and 


Uu, 
' B 
<) : : n ; n 
limn’ limn- ‘U,, =limn’ lim—_ = —s=limn’ lim ~ = lim a 
n>o n>o n> n> U, foe) n>o n>o u,') n> (u') 
n n 


As the result the test (1) will get the form 


B 
lim 7~=C<a (2) 


no ( =) 
Uu, 


(u,, >0) converges then the equality (1) takes place at B>0. 


If the series yu 


The test (1) can be written in the form 
limn?"'y, = limn?’ -nu, = limn’ -limnu, =C <o. (3) 


nwo nw7o nao nao 


Suppose that lim nu, #0. In this case the equality (3) will be correct, when limn’ is 


no 


ae 


equal to a number at f > 0. But there is no such £ >0, because lima” =o forany#>0. 


Thus, when limnu, #0, then the series be u, diverges. So we have the new advanced 


nao 


necessary test for convergent number series with non-negative terms Se u,, (u, 29): 


limnu, =0. (4) 
By the same way the formula (2) is followed the another form of the new advanced 
necessary test for convergent number series with non-negative terms yu By, (u,, 20): 
: 1 
lim -=0. (5) 


These two forms of the new advanced necessary test for convergent number series 
have more opportunities with respect to the casual dann test for convergent number 


series limu, =0. For example, for the number series 


lim, | ee 


the casual necessary test 


1 
(lim, =0) gives | lim u, =lim——=0. This means the series must converge, but it 


no n 
diverges. At the same time according to the formulae (4) and (5) the new advanced 
: 1 
necessary test gives: lim nu, =lim-L=00 and lim—— = lim 2n = oo.It means the 


een na 


n 


: » |, 
series Le ae diverges. 
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2 The new advanced necessary test for convergent number series is 
applied to Cauchy’s integral test 


According to Cauchy’s integral test if the function u(x) is nonnegative and 


decreasing at x21 then the series Yiu(n) converges if and only if the improper 
n=l 


+00 


integral fuayate converges. 
1 


foe) +00 
Let the series Siu(n) converges therefore the improper integral fulayae converges 
n=l 1 


also. The last is integrated by parts: 
fu(dax = lim xu(x)—u(1)- fru’ ak. 
1 1 
According to the new advanced necessary test for convergent number series (4) 
lim xu(x)=0. Since the left-hand side integral converges then the right-hand side integral 


X>+0 


fru’ ae must converge also and according to Cauchy’s integral test the series > 
1 
converges. 
Take into account, that in this case the advanced necessary test (4) for convergent 


number series)" nu’ takes the form:limn’u' =0. We see that convergence of the 


no 


series > nu, is necessary and sufficient condition for convergence of the series > ae 
n= = 


Indeed, let us assume that series > converges therefore the improper integral 


fru’ wae converges also. The last is integrated by parts: 
1 


“few ona = lim xu(x)—u(1)—- fue. 


Since lim xu(x)=0 is necessary and sufficient condition for convergence of the 


xX>+0 


series ye aa , then the series Dawe converges. If the condition lim xu(x)=0 is not 


xX>+00 


satisfied then the series » u, diverges and the series > nu, diverges also. 
n= n= 


Let us apply this reasoning to the series Sinu'(n), given that limn’u' =0 is 


n=l 


necessary and sufficient condition for convergence of the series )'nu'(n). Let the series 
n=l 
foe) +00 
Yinu'(n) converges therefore the improper integral fru’ wae converges also. The last is 
n=l 1 


integrated by parts: 
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+00 


pe (x)dx = {tim xu ru co-wa)s for ul" (x)dx. 


Letlimn’u' =0. Since the left-hand side integral converges then the right-hand side 


nao 


200 


integral few (x)dx converges also and according to Cauchy’s integral test the series 
1 


Yiru"(n) converges. These arguments can be repeated k times. As result two important 
statements are obtained. 


1. In order to the series with non-negative terms Yiu(n) converges it is necessary 


n=l 


and sufficient, that the series vin' u“(n) , (k =1,2,...) converges too. 


n=l 


2. The series with non-negative terms Siu(n) converges if and only if the advanced 


n=l 


necessary test in the form lim n‘*'u“(n) =0, (k =1,2....) takes place. 


n—>+0 


These statements can be demonstrated by the example of the convergent 


with the common term wu, =—5 


. If the common term is differentiated, 
na Min’ x nin’ x 


, —Inn-2 1 , 2In’n+6lnn+6 2 
= “= > 


n 


= >- : 
3 3 > 3 3 
ninin »- nin?n mn inin noo win? n 


The series }'n‘u\(n) (k = 1,2) have the next forms: 


n=l 


mn) = yo a 2 yn u"(n) = ya moet 


n=l n=l nin'n 


For sufficiently large values of n the common term of each of the series behaves like 


the common term of the initial series, namely wu, ~ nu! ~n°u" > 
nonin? n 


Findings 


1. An advanced necessary test for convergence of number series with non-negative 
terms is formulated and proved. The test is much more powerful than the casual necessary test. 

2. The advanced necessary test gives rich possibilities to get equivalent converged 
series with respect to the given series. These series cannot be obtained by applying the 
usual way in the series theory. 
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